This paper examines the consequences of the interaction between temporal period doubling and spatial pattern formation. We propose a simple discrete time, spatially continuous system, where the discrete time dynamics incorporates period doubling and the spatial operator imposes patterning at a preferred length scale. We nd that this model displays a variety of bifurcations between di erent spatio-temporal states and these bifurcations are generic in that they do not depend on the details of the model. The results from our simple model bear remarkable similarities with recent experiments on a vertically vibrated granular layer.
In this paper we examine the consequences of the interaction between temporal period doubling and spatial pattern formation. Our work was originally motivated by experiments 1]-3] in which the authors observed the formation of a variety of two dimensional patterns in a vertically vibrated thin granular layer 4]. These patterns are the analogue of Faraday waves in vibrated uids. In the experiments in 1]-3], the granular layer is on a horizontal plate with an upper free surface and the plate is vertically vibrated. Varying the amplitude and the frequency f 0 of the sinusoidal vibration leads to transitions between the various patterned states. For example, in Ref. 1] , holding f 0 xed and increasing the oscillation amplitude, the following sequence of states was observed: a uniform at state oscillating at f 0 ; a stripe pattern oscillating at f 0 =2 (i.e., the period of the pattern oscillation is double the vibrational period); a hexagonal pattern, also at f 0 =2; two at domains separated by a \kink" with each domain oscillating at f 0 =2 but with each in one of the two possible temporal f 0 =2 phases of oscillation; competing square and stripe patterns at f 0 =4 (i.e, a further period doubling has occurred); f 0 =4 hexagonal patterns; and, at higher driving, patterns disordered in space and time. As the authors remark in 3], these experiments provide a challenge to theory. Unlike in a uid ow, where the equations of hydrodynamics provide an adequate description of the pattern formation, there exist no corresponding equations describing the ow of granular materials 5, 6] . The only direct, rst-principle, approach to studying the dynamics of granular materials with many interacting particles has been molecular dynamics type numerical simulations. Event-driven simulations of spheres on a vibrating plate reproduce the experimentally observed phenomena 7] . Another useful approach to this problem has been to model the dynamics of the vibrated granular layer using heuristic or hydrodynamics type equations 8, 9] .
Because of the current lack of physical understanding of dynamics of granular media 5], and the possibility that there exist no local equations describing granular ow 6], it seems that one reasonable approach to study this phenomenon is to formulate a simple model incorporating what one expects are the essential qualitative features of the phenomena observed. To the extent that the model is free of physics speci c to the experiment, we can regard the experimentally observed features reproduced by the model as universal. This approach would enable one to identify the key features that lead to the observed experimental behavior and it will explain why models with di erent assumptions on the underlying physics can yield results in qualitative agreement with the experiments.
In 1], the authors argue that the various patterns they observe are produced by the interaction between a temporal period doubling sequence and an instability that produces standing waves on the surface of the layer. These are the two essential features we choose for incorporation in our model, viz. temporal period doubling and patterning at a preferred spatial scale. Our model is as follows. We consider a scalar eld n (x) at discrete integer valued times n which we think of as representing the height of the granular layer at position x, where x is a continuous two dimensional spatial variable. To advance n (x) forward one time period, we rst apply a one dimensional map M to n at each point in space,
where r is a parameter of the chosen map function. We shall be particularly interested in varying r through period doublings of the map M. Next we augment this nonlinear discrete time dynamics with a linear spatial operator L which locally couples the dynamics of nearby
Letting n (k) denote the spatial Fourier transform of n (x) and setting L(k) = f(k), we
If we imagine that the patterns on the surface of the vibrated layer are a superposition of standing waves, the quantity log jf(k)j is the growth rate for the amplitude of the standing wave with wave-vector k between two collisions with the plate. Assuming isotropy, we henceforth write f as a function of k = jkj. We assume that f(k) is real and we incorporate spatial patterning at a preferred scale k ?1 0 by taking jf(k)j to have a peak at k = k 0 , jf(k 0 )j > 1, after which jf(k)j decreases with increasing k, becoming small (jf(k)j 1) at large k.
For most of the numerical results in this paper, we use the map
and we choose f(k) = (k) exp (k)] where
The map in Eq. (4) is similar to the logistic map but it has the advantage that orbits can not run away to in nity. All the period doublings in this map are supercritical. The form of the growth rate (k) = log jf(k)j in Eq. (5) is a simple choice for an even function that is zero at k = 0, has a peak at k = k 0 and is negative for large k. The presence of the factor (k) allows f to change sign with k and its form in Eq. (6) is a simple (rather arbitrary) choice for a function that is an even in k and changes sign as we change k. The factor introduces a second length scale in our model 10] and the model has two dimensionless parameters, r and k c =k 0 , which, we numerically nd, roughly play roles analogous to the dimensionless acceleration ? and the frequency f 0 of the drive in the experiment. In order to keep f(k 0 ) > 0, we will take k c > k 0 . As will become clear from the theory, the important bifurcation phenomena are independent of the speci c choices in (4)- (6) .
We emphasize that we view Eqs. (1)- (6) as a minimalist model and that several obvious generalizations immediately suggest themselves (e.g., complex f in (3), a two (or higher) dimensional map replacing the one dimensional map (1), etc.). Our point is that even this simple representation is rich enough to display many of the experimentally observed e ects and that certain of these e ects can be regarded as physics-independent and universal for systems in which patterning and period doubling interact. . We regard as particularly signi cant the fact that, in our model, as we increase r, the bifurcation sequence is a period 1 at state bifurcating to give a period 2 pattern which then becomes a period 2 at state and eventually a period 4 pattern. Thus, with increase of the parameter, the period two and the period four patterns are separated by a period two at state. This basic sequence, also observed in the experiment, is universal in that it does not depend on the details of the model and can be understood as a result of the following elementary stability analysis. Fig. 2(a) is a bifurcation diagram for a generic map M( ; r) that undergoes period doubling and Fig. 2(b) is the Lyapunov exponent for deviations from the attracting periodic orbits (or xed points).
First consider a xed point of the map = M( ; r) and perturb around the spatially homogeneous state, n (x) = + n (x). Eq. (1) yields 0 n+1 = 1 (r) n , where 1 (r) = @M=@ evaluated at = . Eq. (2) yields n+1 (k) = 1 (r)f(k) n (k). Thus, the instability of a k = k 0 pattern results for j 1 (r)f(k 0 )j > 1. Say we start at the parameter value r = r s1 for which the homogeneous state (x) = is super-stable (i.e., 1 (r s1 ) = 0) and increase r. At r = r s1 , we have 1 (r s1 )f(k 0 ) = 0 and consequently there is a range of r values about r s1 where j 1 (r)f(k 0 )j < 1. Consequently, the homogeneous state is stable in this region.
As r increases, 1 (r) decreases through ?1 at some parameter value r = r d1 and the map , there is a bifurcation of the homogeneous state to a period two inhomogeneous state with a k = k 0 pattern.
As r increases further, a spatially homogeneous period two state becomes stable. To see why this happens, consider the stability of the homogeneous period two state oscillating between = a and = b . Proceeding as before, we nd that n+2 (k) = 2 (r)f 2 (k) n (k, where 2 (r) = a (r) b (r) and a;b (r) = @M=@ evaluated at = a;b . At r = r d1 , we have 2 (r) = 1. Thus the previously obtained period two, spatially varying solutions with k = k 0 remain unstable as r increases through r d1 . As r increases further, 2 (r) decreases from one, becoming zero at the super-stable point of the period two homogeneous solution 2 (r s2 ) = 0. Thus, there is necessarily some r value, r 0 s2 with r d1 < r 0 s2 < r s2 such that the period two homogeneous state becomes stable as r increases through r s2 .
On further increasing r, 2 (r) becomes negative decreasing to ?1 at some parameter value r = r d2 . As before, since f 2 (k 0 ) > 1, this implies that the k = k 0 spatially varying solution becomes unstable at a value r = r 0 d2 with r s2 < r 0 d2 < r d2 , where 2 (r 0 d2 )f 2 (k 0 ) = ?1, corresponding to a second temporal period doubling leading to a period four k = k 0 pattern. Fig. 3(a) shows the approximate locations in the two parameter space (r; (k c =k 0 )) of the various spatio-temporal behaviors numerically exhibited by our model. The phases in the gure correspond to states that evolve from starting at a small initial perturbation about a homogeneous state. (If, on the other hand, we follow large amplitude states by slow parameter change, then we nd that some of the transitions that are nonhysteretic in the experiment show substantial hysteresis in the model.) We note that, if we crudely identify r with the experimental dimensionless accelration ? and k c =k 0 with the experimental frequency f 0 , then there is striking qualitative agreement between the phase diagram obtained numerically from our model, Fig. 3(a) , and the experimental phase diagram, Fig. 3(b) .
The elementary stability considerations above give us the values of the parameter r at which there are bifurcations between at states and patterned states. These considerations are strictly valid only close to the onset of the pattern formation. We have used a truncated modal expansion to obtain nite amplitude stripe, square and hexagon solutions in the nonlinear regime away from the onset. With this approach, we can determine the patterns selected away from onset, and we will report these results in a future publication 11].
The bifurcations for the map in (4) are all supercritical. The map M( ; r) = ?(r + 3 ) exp(? 2 =2) has a subcritical period doubling from period 1. With this map used in place of Eq. (4), we see period 2 localized states in the regime where the period 1 at state is stable. These structures are similar to the oscillons seen in the experiments 2,3]. Fig. 4(a) shows two oscillons in opposite temporal phases and Fig. 4(b) shows a bound state of several close oscillons. (We note that Ref. 8] also obtains oscillons, and their model also has a subcritical period doubling. It thus appears that subcriticality may be key to the oscillon phenomenon). The oscillons and the bound states that we nd numerically in our model, are stable in the hysteretic (subcritical) transition from the period 1 at state to the period 2 squares, as in the experiments.
In conclusion, we remark that the spirit of our model is similar to that of other generic models of spatio-temporal dynamics 12], and may be regarded as lying between continuous time/ continuous space models (e.g., the Swift-Hohenberg and the complex GinzburgLandau equations) and coupled map lattice models 13, 14] . Our choice of discrete time provides the simplest possible description of temporal period doubling, while our choice of continuous space allows spatial patterns unconstrained by an imposed grid 15]. Further results from this model will be reported in 11].
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